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Abstract— Network partitioning has gained recent atten-
tion as a pathway to enable decentralized operation and
control in large-scale systems. This paper addresses the
interplay between partitioning, observability, and sensor
placement (SP) in dynamic networks. The problem, be-
ing computationally intractable at scale, is a largely un-
explored, open problem in the literature. To that end, the
paper’s objective is designing scalable partitioning of lin-
ear systems while maximizing observability metrics of the
subsystems. We show that the partitioning problem can be
posed as a submodular maximization problem—and the SP
problem can subsequently be solved over the partitioned
network. Consequently, theoretical bounds are derived to
compare observability metrics of the original network with
those of the resulting partitions, highlighting the impact of
partitioning on system observability. Case studies on net-
works of varying sizes corroborate the derived theoretical
bounds.

Index Terms— Observability, network partitioning, sub-
modular maximization, matroid constraints, multilinear ex-
tensions, sensor placement.

I. INTRODUCTION AND CONTRIBUTIONS

NETWORK partitioning, the process of segmenting a system
into finite sub-networks, has gained popularity in the past

decade for both static and dynamic networks. Its advantages
are numerous. Some of these merits are: reducing compu-
tational complexity, identifying community structures, per-
forming localized sensing and decentralized feedback control,
reducing communication costs, improving network resilience,
and minimizing cascading failures. Partitioning is not merely
a theoretical concept—it has been studied in a variety of
dynamic network applications (epidemics, opinion dynamics,
power grids, and water systems).

Relevant to dynamic network partitioning is observability—
a fundamental system-theoretic notion that enables to infer
internal system states from some output measurements. Ob-
serving the full state is limited by the number and config-
uration of sensors within a system. In particular, for large
and complex systems, such as cyber-physical systems [1] and
coupled biological reaction networks [2], state reconstruction
are constrained by sensing and its allocation costs. As a
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(b) Partitioned Subsystems

Fig. 1. (a) A system of measured internal state, v ∈ V (measur-
able space), depicting interactions of a dynamical system and (b) the
subsequent subsystems Si ⊆ V . The nodes represent the system
states and edges represent the internal state connections. The colored
boxes represent the nodes that belong to a particular subsystem. The
interactions between the subsystems remain after system partitioning.

result, one potential goal of partitioning is to identify observ-
able subsystems (i.e., partitions) that preserve overall system
observability, thereby enabling scalable localized/distributed
state-estimation strategies developed for large-scale systems.

In this paper, we consider the problem of network parti-
tioning for linear systems such that a variety of the subsys-
tems’ observability metrics are optimized. This is followed by
performing localized sensor placement (SP) via a submodular
set optimization approach. We note that there is no literature
on studying the interplay between observability, partition-
ing, and SP—and there are no known methods solving this
observability-based partitioning problem. The benefit of this
approach is threefold: (i) to identify observable interconnected
subsystems, (ii) enable localized/decentralized state-estimation
strategies, and (iii) to yield a more scalable solution for the
SP problem, which remains a subject of ongoing research due
to its combinatorial properties.

The SP problem has been thoroughly studied in the liter-
ature [3]–[8]. One approach follows from [4] that formulates
the actuator placement, dual to the SP problem, in the context
of submodular set optimization. This setting is characterized
by diminishing returns properties which provides provable per-
formance guarantees that allow one to solve the combinatorial
SP problem in polynomial time [9]. However, the applicability
of polynomial-time algorithms, such as the simple greedy, still
yields scalability challenges for large-scale systems and real-
time sensor scheduling. To this end, in this paper we approach
alleviating the computational burden of the SP problem in
large-scale linear time-invariant (LTI) systems by identifying
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subsystems within the original dynamical system as described
in Fig. 1. This allows the exploitation of more advanced
algorithms that leverage parallelization over the subsystems.
Specifically, this paper studies the fundamental problem of
partitioning or clustering of a dynamic linear network to
perform two key functions: (i) maximizing the partitions’ ob-
servability metrics while (ii) ensuring optimized SP for overall
system observability. This also enables, as broader impact,
localized state estimation for the partitioned interconnected
subsystems. We perform the above two key functions via a
specific set of techniques, grounded in submodular set function
optimization using matroid constraints. In what follows, we
briefly highlight the rich literature of network partitioning, SP,
and their overlap.
Clustering versus partitioning. We note here that there is
somewhat of an ambiguity in the literature of partitioning/-
clustering, where there is no consensus among the practical
interpretation of these two words. While some studies define
partitioning through dissecting a network into k partitions that
are no longer connected [10], [11], others maintain the connec-
tivity in the network [12]–[14]. In this paper, we consider the
problem of partitioning a system into clustered communities,
referred to as subsystems, where the interconnections between
the measurable states of the subsystems are maintained. Notice
from Fig. 1a, the connections (arrows) between subsystems
S1,S2,S3 remain intact after the partitioning.
Why is partitioning needed? The clustering of nodes and
network states is becoming increasingly relevant for the scal-
ability of distributed control methods [15]. In a dual concept
to observability, a submodular approach towards islanding
of multi-agent networks based on consensus-based control is
formulated in [16]. The controlled islanding or partitioning of
a power grid is formulated to reduce the effects of cascading
failure events. Furthermore, while studying control under
multi-agent networks and coupled systems, the herdability* of
a set of leader nodes in a cluster is introduced in recent litera-
ture [11], [17].The dynamical network is equitable partitioned
to characterize a controllable subspace that renders the system
herdable. In [18], [19], the local subsystem dynamics of a dis-
crete LTI system are identified by leveraging local subsystem
input and output signals. An optimization-based partitioning
algorithm is proposed in [20], where local controllability is
imposed as a constraint through the rank of the controllability
matrix. The method demonstrates that partitioning can reduce
computational costs for local controllers, thereby improving
decentralized control performance. Readers are referred to [15]
for a survey on clustering strategies for scalable distributed
control, and to [21] for a recent survey on partitioning in model
predictive control; clustering remains a topic of interest.

The partitioning of complex systems provides an essential
decomposition for effective and scalable decentralized state
estimation in large-scale dynamical systems [22]. For system
monitoring under limited computational and sensing resources,
the authors in [23] propose a clustering-based approach that
constructs an aggregated observer for large-scale linear flow
networks. The method designs an observer based on the

*Herdability is a relaxed notion of controllability that indicates the ability
to steer system states to a specific state-space subset.

average state of each cluster while achieving computational
tractability over the clusters. However, it does not explicitly
ensure or preserve observability within individual clusters dur-
ing the clustering process. The authors in [24] propose a sub-
modular distributed sensor network planning framework. The
method randomly partitions network agents to enable efficient
distributed decision-making while maintaining constant-factor
bound guarantee. A partitioning of a sensing network based
on stability margin is introduced in [25]. In [26], the optimal
strategy of an agent in communication within a multi-agent
network is solved via a continuous submodular maximization
of a shared utility function under disjoint strategy sets.

Paper contributions. As compared to the aforementioned
literature, this paper partitions an LTI system into k inter-
connected subsystems by maximizing an observability-based
metric/measure of the subsystem dynamics. Observing internal
states from external measurements implies that there exists a
coupling network between internal states, this enables lever-
aging observability for structural inference [27]. Building on
this notion, we exploit the internal state connections, quantified
using each subsystem’s observability Gramian, to identify sub-
systems partition a system while maximizing an observability-
based metric. The SP problem, then solved for the partitions,
is related to the subsystem observability properties of the
dynamical system; it ensures that state information is retained
within each cluster while maximizing overall system ob-
servability. The observability-based partitioning problem, and
the interplay between partitioning and observability in linear
systems, has not been thoroughly investigated and remains an
open problem to the best of the authors’ knowledge; this paper
aims to fill this gap.

• We introduce a system partitioning framework that max-
imizes observability-based metrics of LTI subsystem dy-
namics, while considering overall system’s observability.
The partitioning problem is formulated as a submodular set
function maximization problem under a partition matroid
which dictates the allocation of measurable states to par-
titions that yield maximal observability gain. This makes
the otherwise combinatorial partitioning problem solvable in
polynomial time. In doing so, we also show that the objec-
tive function representing the observability measures of the
subsystem dynamics retains the modularity, submodularity,
and monotonicity properties of the original observability-
based measures under no system partitioning.

• We extend the observability-based SP problem to parti-
tioned systems by solving it under a partition matroid
constraint which represents the sensors that can be allocated
to each partition. We show that the submodular properties
of parameterized observability measures are retained for a
partitioned system, enabling the use of greedy algorithms
with theoretical guarantees.

• We efficiently solve the optimal partitioning by utilizing
a continuous greedy algorithm. A multilinear relaxation is
utilized to enable greedy selection under a matroid constraint
while achieving a (1− 1/e) performance guarantee.

• We provide theoretical bounds that characterize the rela-
tionship between the observability measures of the global
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system and those of the sum of local subsystems. Such
bounds quantify performance loss—or lack thereof—when
solving the SP problem in the partitioned versus unparti-
tioned system.

• We validate the proposed partition and SP framework on
two combustion reaction networks. The results empirically
validate the theoretical bounds for the logdet metric under
varying partition numbers, and sensor configurations.

Notation. Let N, R, and R≥0 denote the set of natural, real,
and non-negative real numbers. Let Rn and Rn×m denote
the set of real-valued column vectors of size n, and n-by-m
real matrices. The operators logdet(A), tr(A) and rank (A)
return the logarithmic determinant, trace and rank of matrix
A ∈ Rn×n. For any two matrices A and B ∈ Rn×n,
the notation {A,B} represents

[
A⊤B⊤]⊤. For a symmetric

matrix A, the symbol A ⪰ 0 denotes a positive semidefinite
(PSD) matrix and A ≻ 0 denotes a positive definite (PD)
matrix. The symbol ∅ denotes the empty set. The cardinality
of a set V is denoted by |V|. The symbols ⊆, ∩, ∪ and \
denote set inclusion (subset), set intersection, set union, and
set difference. The notation 2V denotes the power set of V (the
set of all subsets of V). For v ∈ V denoting a single element
from a set, the notation V ∪ {v} represents adding element
v to V . The Cartesian product, C × V , of two sets C and V ,
represents all ordered pairs (i, v) where i ∈ C and v ∈ V .
Paper organization. The structure of the paper is as follows.
Section II presents the preliminaries and the problem formu-
lation. Section III introduces the partitioning problem under
a partition matroid constraint. Section IV provides evidence
for the submodularity of observability-based measures in a
partitioned system. The SP problem for a partitioned system
is formulated in Section V. The multilinear extension is
introduced in Section VI. Numerical results are presented in
Section VII. Section VIII concludes this paper.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Properties of submodular set functions

Consider a ground set V and its power set 2V . A set function
can be written as f : 2V → R≥0. If f exhibits a diminishing-
returns property, it is said to be submodular (Definition 1).
This means that adding a single element to an argument of f
has an incremental value no less than that of adding the same
element to a superset of that argument.
Definition 1. (Submodularity [28]) The set function f : 2V →
R≥0 is modular if there exists a weight function w : V →
R≥0 such that for any S ⊆ V , it holds that f(S) = w(∅) +∑

s∈S w(s), and f is considered submodular if for any A ⊆
B ⊆ V and for any s /∈ B, the following holds

f(A ∪ {s})− f(A) ≥ f(B ∪ {s})− f(B). (1)
The set function f is said to be supermodular if the reverse

inequality in (1) holds true for all s /∈ B. We say that a
set function is normalized if f(∅) = 0. Furthermore, the set
function f is monotone increasing if for any A ⊆ B ⊆ V ,
we have f(B) ≥ f(A). A set function f that is submodular,
monotone increasing and normalized, is termed a polymatroid
set function [29]. Optimization problems that incorporate

(a) Submodular Maximization
maxS⊆V, S∈I f(S)

(b) Matroid Constraint
M = (V, I)
(i) ∅ ∈ I
(ii) A ⊆ B ∈ I ⇒ A ∈ I
(iii) A,B ∈ I, |A| < |B|

∃ s ∈ B \ A, A ∪ {s} ∈ I

(c) Uniform Matroid
Ic = {S ⊆ V : |S| = r}

(e.g., selecting r sensors from the entire network)

(d) Partition Matroid
V =

⋃κ
i=1 Si

Ip = {S ⊆ V : |S ∩ Si| ≤ κi}
(e.g., selecting sensors with at most κi per subsystem)

I

I = Ic I = Ip

Fig. 2. Matroid Constraints: For any (a) submodular maximization
problem, a matroid constraint (b) satisfies: (i) the null property, (ii) the
heredity property and (iii) augmentation property. Two common matroid
constraints are the (c) uniform matroid Ic and (d) partition matroid Ip.

submodular objective functions are often constrained on an
admissible subset S ⊆ V of the ground set. Constraints that
arise in the context of submodular set optimization are matroid
constraints. The following provides their definition.
Definition 2. (Matroid Constraints [30]) Let I be a collection
of subsets of V . A constraint can then be represented by the
tuple M = (V, I). The tupleM is a matroid constraint if the
following hold true: (i) ∅ ∈ I; (ii) A ⊆ B ∈ I ⇒ A ∈ I; and
(iii) if A,B ∈ I and |A| < |B|, then there exists s ∈ B\A
such that A ∪ {s} ∈ I.

Note that a matroid is an abstraction of linear independence
and dependence structure of a set of columns of a matrix.
A matroid constraint Mc = (V, Ic) that allows for SP
in dynamical networks is the uniform cardinality constraint
Ic = {S ⊆ V : |S| = r} for some r that represents
the feasible number of sensing nodes. A relevant matroid
that considers multi-network systems is the partition matroid
Mp = (V, Ipκi

), where Ipκi
= {S ⊆ V : |S ∩ Si |≤ κi}.

The set V is partitioned into πκ = {S1, . . . ,Sκ} blocks
such that Si ∩ Sj = ∅ for i ̸= j. This mean that a partition
matroid is one where the ground set is partitioned into blocks,
such that an independent set S intersects the block by no
more than a specific limit [31]. Formulating a submodular
maximization problem under a matroid constraint allows for
proven theoretical optimality guarantees [32]. In particular,
uniform matroids (Fig. 2) apply when the number of allowable
selections is limited to a fixed cardinality, as in the case of
SP problems, while partition matroids (Fig. 2) apply when
the ground set V is divided into disjoint blocks Si, with at
most κi elements selected from each block. In the context of
system observability, these constraints arise when assigning a
limited number of sensors across different subsystems. The
resulting optimization problem, therefore, seeks to maximize
a monotone submodular function subject to a partition matroid
constraint rather than a uniform constraint. Similar to SP under
uniform matroids, such a formulation (under partitioning)
enables leveraging different greedy algorithms while ensuring
performance guarantees under submodularity. The next section
presents the system partitioning problem formulation.

B. Problem formulation: partitioning linear systems

We consider a LTI discrete dynamical system with a linear
measurement model given as

x[k + 1] = Ax[k] +Bu[k], y[k] = Cx[k], (2)

3



Submodular refomulation P2

maxS⊆X , S∈Ip1 f(S)

Section III

Submodular measures
f(S) =

∑
i∈C fi(Si)

Section IV

Partioning problem formulation P1

Define (2), V , κ
Section II

SP problem P3

maxR⊆V, R∈Ipri
f(R)

Section V-A

Submodular SP measures
f(R) = f

(
∪i∈CRi

)
Section V-B

Multilinear Extension
Via continuous greedy

Section VI

Numerical case studies
Solving P2, and P3 over πκ

Section VII

Fig. 3. Overview of the system partitioning problem under P2 (Sections II–IV), followed by SP under P3 (Sections V). The continuous greedy
algorithm can be utilized to solve P2 and P3 (Section VI) for an LTI system such as a linearized combustion reaction network (Section VII).

where k ∈ N refers to the discrete-time index, such that vector
x[k] ∈ Rnx represents the dynamic states, vector u[k] ∈ Rnu

represents the inputs state vector, and vector y[k] ∈ Rny the
output measurements. Matrices A ∈ Rnx×nx , B ∈ Rnx×nu ,
and C ∈ Rny×nx are the LTI state-space matrices.

Considering the above LTI system (2), the SP problem
can be solved by first identifying κ number of subsys-
tems. This entails optimally partitioning the system dynamics
while maximizing an observability-based metric for each of
the subsystems and then solving the SP problem under a
partition matroid rather than a cardinality constraint. Such
framework renders the problem computationally feasible given
that the combinatorial problem is exponentially constraint
by the largest number of states within a subsystem. For an
unpartitioned system this is equal to the full measurement
state-space dimension ny . The partitioning problem can be
summarized as follows: (i) given the set of measurable state-
space variables, represented by the ground set V covering
the full state-space of the LTI system (2), the objective is to
partition V into κ disjoint subsystems Si, each representing
a group of states; (ii) by partitioning based on maximizing
an observability-based metric associated with each subsystem,
the resulting partitioning yields a decomposition in which
each subsystem achieves an optimal observability measure.
Accordingly, the measurable state partitioning problem (P1)
of system (2) is defined as follows.
Problem 1. Let the ground set V := {v ∈ N | 0 < v ≤ ny}
represent the measurable state-space of cardinality |V| = ny

and f (S1, . . . ,Sκ) : 2V → R≥0 is a sum of polymatroid
functions fi : 2V → R≥0 ∀ i ∈ C = {1, . . . , κ}. Then, the
partitioning into κ subsystems is as follows

P1: max
S1,...,Sκ

f (S1, . . . ,Sκ) =
κ∑

i=1

fi (Si) , (3a)

s.t.

κ⋃
i=1

Si = V, Si ∩ Sj = ∅ ∀ i ̸= j, (3b)

where f∗πκ
:= maxS1,...,Sκ

f (S1, . . . ,Sκ).
We assume here that all system states can be observed

via a to-be-placed sensor. The partitions πκ = {S1, . . . ,Sκ}
are non-overlapping partitions of ground set V such that the
union of all partitions covers ∪κi=1Si is equal to V , and the
intersection of two partitions is the null set for all i ̸= j, i.e.,
Si∩Sj = ∅. The resulting system partition πκ is κ subsystems
of size κi for each i ∈ C. Here C is the index set of the
partitions. Observe that the constraints in P1 do not hold the

properties of a matroid constraint (Definition 2). The feasible
sets are tuples of disjoint sets Si such that their union is equal
to the ground set V , which does not satisfy the (ii) hereditary
and (iii) augmentation properties of a matroid.

Thus to enable the use of greedy (and continuous greedy)
algorithms with provable theoretical guarantees on the so-
lution’s optimality, we rewrite P1. Note that P1 can be
considered a submodular welfare problem in the field of
discrete optimization [33]. Thus, we reformulate the original
partitioning problem P1 into a submodular maximization
subject to a matroid constraint, denoted as P2. As illustrated
in Fig. 3, the partitioning problem P2 and the following SP
placement problem exhibit and retain submodular properties of
the original system under well-known observability measures.
A solution under the multilinear extension of P2 yields such
theoretical guarantees. The ensuing section formulates the
system partitioning problem in the context of submodular
maximization under a matroid constraint.

III. REFORMULATION USING SUBMODULAR SET
FUNCTION OPTIMIZATION

To exploit submodular maximization via greedy algorithms,
the partitioning problem P1 can be reformulated as a sub-
modular maximization problem under a partition matroid
constraint. This entails creating κ copies of the measurable
states in the ground set V , one for each subsystem Si. The
subsystems, initialized as empty sets, then compete to acquire
the states v ∈ V , each forming a unique set of states by setting
a partition matroid constraint with κi = 1.

A. Competing subsystems for system partitioning
We consider partitioning the measurable state-space into

κ subsystems. The subsystems Si acquire measurable states
v ∈ V while maximizing an observability-based measure
fi (Si) of the subsystems. Given that the partition sets are
disjoint, i.e., each state v is assigned to only one subsystem,
then each Si competes for each of the available states. This
is similar to the welfare allocation problem, where certain
resources are allocated among a number of agents while
maximizing the utility of each agent for the allocated resource,
such that each state is considered a resource to be claimed
by at most one subsystem. As such, we reformulate P1
as a submodular maximization over an extended ground set
X := C × V . This creates κ copies of states v, one copy for
each of the subsystems. Then, by considering the assignment
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(a) P1: ∪κi=1Si = V, Si ∩ Sj = ∅

v1 v3 v4 v2 v5 v6

V

S1 S2

S1 = {1, 3, 4}, S2 = {2, 5, 6}

(b) P2: S ⊆ X , |S ∩ (C×{v})| ≤ 1

v1

v1

v2

v2

v3

v3

v4

v4

v5

v5

v6

v6

S = {(1, 1), (2, 2), (1, 3), (1, 4), (2, 5), (2, 6)}

X

S1

S2

Fig. 4. (a) Disjoint selection of state v from ground set V . (b) Disjoint
selection from ground set X = C × V by duplicating each element
v ∈ V for each subsystem i ∈ C; selection under a partition matroid.

process using a partition matroid with κi = 1 for all i ∈ C,
we ensure that a state v is allocated to at most one subsystem.
The resulting optimization problem, referred to as P2, can be
defined as follows.
Problem 2. Let the ground set X = C × V be the Cartesian
product of set V representing the measurable state-space and
C the subsystem index set, where an element (i, v) ∈ X
represents the state v being assigned to subsystem Si. Let the
submodular set function be defined as f : 2X → R≥0, then
P1 can be rewritten as

P2: max
S

f (S) =
∑
i∈C

fi

(
{v ∈ V | (i, v) ∈ S}

)
, (4a)

s.t. {S ⊆ X : |S ∩ (C × {v})| ≤ 1, ∀ v ∈ V}. (4b)
where fπ∗

κ
= maxS f (S) .

Problem P2 dictates that each state v in the ground set
V is duplicated κ times across the subsystems ∀ i ∈ C. The
constraint |S ∩ (C × {v})| ensures that each state v ∈ V is
assigned to at most one partition as a result of setting κi = 1
for each of the subsystems in πκ. The submodular set function
f(S) can be defined such that every set S ⊆ V can be
written as S =

⋃
i∈C ({i} × Si). Note that f , if originally

submodular, retains its submodularity under a nonnegative sum
of submodular functions fi, where each fi : 2V → R≥0

is a submodular observability-based measure assigned to the
subsystem Si. In fact, a non-negative conic combination of
submodular functions remains submodular. In the subsequent
sections, a theoretical analysis regarding the submodularity of
observability-based measures defined by f(S) under that sum
of partitioned observability measures fi(Si) is provided.

The following lemma establishes that problems P1 and
P2, for partitioning observable states v ∈ V according to
observability-based submodular measures, are equivalent; see
Fig. 4 for an illustrative example.
Lemma 1. Consider the observability-based partitioning
problem P1 defined over the ground set V . By defining the
ground set X = C × V and imposing the partition matroid
constraint {S ⊆ X | |S ∩ (C × {v})| ≤ 1, ∀ v ∈ V}, P1 is
equivalent to the submodular maximization formulation P2.

Proof. We prove such equivalence by showing that the
solution space of P1 and P2 is a bijective mapping. Suppose
that πκ is a feasible solution of P1, then each Si ⊆ V
represents a partition such that

∪κi=1Si = V, Si ∩ Sj = ∅, ∀ i ̸= j.

Then, for a ground set X = C × V , the partitions Si can
be written as their union according to S =

⋃κ
i=1{(i, v) :

v ∈ Si} ⊆ X . The Cartesian product here ensures that
each element v ∈ V appears κ times for index i ∈ C. This
ensures that each state v is assigned to subsystem Si with
no overlap, i.e., Si ∩ Sj = ∅; then the partition S has the
constraint |S ∩ (C × {v})| ≤ 1, ∀ v ∈ V . That is, only
one pair (i, v) ∈ X appears in S. Thus S is equivalent
to the feasible solution of P2 due to constraint (4b). Now,
let π1

κ = {S11 , . . . ,S1κ} and π2
κ = {S21 , . . . ,S2κ} be two

feasible solutions of P1 such that there exist for at least one
i ∈ C where S1i ̸= S2i , i.e., S1i \ S2i ̸= ∅. Then for

S1 =

κ⋃
i=1

{(i, v) : v ∈ S1i }, S2 =

κ⋃
i=1

{(i, v) : v ∈ S2i },

there exists at least some v ∈ V such that v ∈ S1i \ S2i . That
is, there exists a pair (i, v) ∈ S that appears in S1 and not S2,
i.e., S1 ̸= S2. This establishes the injectivity of the feasible
solution space map.

Furthermore, suppose that S ⊆ X is a feasible solution
of P2, then the constraint |S ∩ (C × {v})| ≤ 1, ∀ v ∈ V ,
ensures for each (i, v) ∈ S, a state v ∈ V is assigned to S.
Now, for i ∈ C define Si = {v ∈ V : (i, v) ∈ S} then, the
constraint of P2 imposes that Si ∩ Sj = ∅ and since v ∈ V
is allocated to at least one partition then ∪κi=1Si = V . Thus
{S1, . . . ,Sκ} is equivalent to feasible solution of P1 due to
constraint (3b).

It now follows that for any feasible solution S ⊆ X of P2
and from the definition of Si = {v : (i, v) ∈ S}, a state v ∈ V
is assigned to at most one partition Si. Thus, we obtain a
feasible partition of P1 {S1, . . . ,Sκ} given that ∪κi=1Si = V
(surjective property). Hence, the feasible space is a bijective
mapping, meaning that the solutions map uniquely between the
two problem formulations. It is straightforward to show that
the objective function is equivalent under the mapping between
P1 and P2. Let Si = {v : (i, v) ∈ S}, then (4a) can be written
as f(S) =

∑
i∈C fi

(
{v : (i, v) ∈ S}

)
=
∑

i∈C fi(Si), which
is equivalent to (3a). This concludes the proof. ■

Following the proof of Lemma 1, in the next section
we characterize subsystem observability and show that the
observability-based measures defined by fi (Si) are modular
and submodular, and therefore maintain optimality guarantees
when common greedy algorithms are implemented.

IV. SUBSYSTEM OBSERVABILITY UNDER A PARTITION
MATROID

A. Observability and its spectral measures
In this section, we present a brief overview of the notion

of observability and its measures as a basis for quantifying
subsystem observability under a partition matroid constraint.
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(a) Subsystem Mapping
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(b) Gramian Composition
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∑
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Fig. 5. (a) Mapping of state subsets Si to outputs ySi
[k]; each vi corresponds to a row cv of C. (b) Composition of the full observability Gramian

Wo from subsystem Gramians WSi
and the corresponding matrix structure in each summation term of the subsystem Gramians.

The system (2) is said to be observable for an observation
horizon N if and only if the observability matrix given by

rankO := rank
{
C,CA, . . . ,CAN−1

}
= nx, (5)

where O(x[0]) := O ∈ RNny×nx is full column rank. This
observability rank condition is a qualitative metric that indi-
cates the ability to infer states of a dynamical system by simple
measuring its output. However, this is not indicative of how
observable the dynamical system is. In contrast, observability
metrics that quantify energy and volumetric related notions of
the observability Gramian W ∈ Rnx×nx , denoted as,

W :=

N−1∑
k=0

(
Ak
)⊤
C⊤CAk = O⊤O, (6)

provide a quantification of system observability. The matrix
W is non-singular if the system is observable over horizon N ,
otherwise it is not observable. That is, system (2) is observable
if and only if W ≻ O for all N > 0 [34]. If the matrix A of
system (1) is stable, and the limitWo := limN→∞W satisfies
the Lyapunov equation

A⊤WoA−Wo +C
⊤C = 0. (7)

Based on the Gramian (6), the following metrics can be con-
sidered to quantify system observability: rank(W ), tr(W ),
and logdet(W )—see [4], [35]. The tr(W ) captures the total
average sensitivity of outputs to state perturbations, while
logdet(W ) relates to the volume of the confidence ellipsoid
for state-estimation error. The rank(W ) indicates the number
of observable modes. Other metrics are used in the literature.

B. Characterizing subsystem observability

The partitioning problem P2 clusters the measurable state-
space into κ subsystems belonging to set πκ that are intercon-
nected. The objective is to identify subsystems that maximize
a partition’s observability measure. The linear measurement
equation, y[k] = Cx[k], can be decomposed to represent each
of the subsystems belonging to πκ. That is, the measurable
state vector for i ∈ C can be written as ySi

[k] = CSi
x[k] ∈

Rκi , where measurement mapping-function CSi
∈ Rκi×nx

measures the states within a subsystem Si for i ∈ C, such
that |Si| = κi; see Fig. 5a for an illustrative example. The
set function fi(Si) for each of the subsystems quantifies an
observability Gramian based measure. To that end, we define
the observability Gramian of a partition Si, with i ∈ C, through
to the following proposition.
Proposition 1. (Subsystem observability Gramian) Let the
ground set V = {v ∈ N | 0 < v ≤ ny} represent the
measurable state-space. The observability Gramian (6) for a
subsystem Si ∈ πκ can be written as

WSi
:=
∑
v∈Si

(
N−1∑
k=0

(
Ak
)⊤
c⊤v cvA

k

)
∈ Rnx×nx , (8)

where cv ∈ R1×nx is the v-th row of C representing the
mapping of state v ∈ Si ⊆ V . Furthermore, the observability
Gramian of a system partitioning πκ is the sum of Gramians
for each subsystem and is given by

Wπκ
:=
∑
i∈C

WSi
∈ Rnx×nx . (9)

Proof. The proof follows from the definition of the observ-
ability Gramian (6) of system (2). For the LTI measurement
mapping matrix C where cv ∈ R1×nx for v ∈ V , the
decomposition of C⊤C can be expressed using the outer
product of cv , that is C⊤C =

∑ny

v=1 c
⊤
v cv . Now under

a disjoint partition of the measurable state-space πκ with⋃
i∈C Si = V and Si ∩ Sj = ∅ for i ̸= j, we can write

C⊤
Si
CSi

as
∑

v∈Si
c⊤v cv for subsystem Si for all v ∈ Si.

Now for any Si ∈ πκ, we consider C⊤
Si
CSi as the subsystem

decomposition mapping of C⊤C in the observability Gramian
and by the linearity of a summation of disjoint sets, we obtain

WSi=

N−1∑
k=0

(
Ak
)⊤(∑

v∈Si

c⊤v cv

)
Ak=

∑
v∈Si

(
N−1∑
k=0

(
Ak
)⊤
c⊤v cvA

k

)
.

Now suppose that πκ = {S1, . . . ,Sκ} is a partition of V .
Then, we can construct Cπκ

= {cv : v ∈ Si}i∈C . It follows
that, C⊤

πκ
Cπκ

=
∑

v∈V c
⊤
v cv =

∑
i∈C

∑
v∈Si

c⊤v cv . Then
for an observability Gramian under the action of a partition
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measurement mapping function C⊤
πκ
Cπκ

, we obtain

Wπκ =

N−1∑
k=0

(
Ak
)⊤(∑

i∈C

∑
v∈Si

c⊤v cv

)
Ak,

=
∑
i∈C

N−1∑
k=0

(
Ak
)⊤(∑

v∈Si

c⊤v cv

)
Ak =

∑
i∈C

WSi .

This concludes the proof. ■

The above proposition establishes the Gramian matrix that
enables the quantification subsystem and partitioned system
observability, i.e., it establishes the extent to which a set of
measurable states, v ∈ Si ⊆ V , contribute to overall system
observability; see Fig. 5b. Based on the subsystem observabil-
ity Gramian (8), the Gramian of partition πκ can be written
as (9) and is equivalent to the observability Gramian (6),
according to the following corollary.
Corollary 1. (Gramian equivalence) Let πκ represent a system
partition, then the observability Gramian (6) of the LTI sys-
tem (2) can be written in terms of the subsystem observability
Gramians (8). That is, Wo is equivalent to Wπκ

.

Proof. The proof follows from the proof of Proposition 1.
For a disjoint partition πκ with

⋃
i∈C Si = V , we have

C⊤C = C⊤
πκ
Cπκ

=
∑

i∈C
∑

v∈Si
c⊤v cv . Then we obtain

the observability Gramian (6) by summing over all v ∈ V .

Wo =

ny∑
v=1

(
N−1∑
k=0

(
Ak
)⊤
c⊤v cvA

k

)
,

=
∑
i∈C

∑
v∈Si

(
N−1∑
k=0

(
Ak
)⊤
c⊤v cvA

k

)
=
∑
i∈C

WSi
,

and this concludes the proof. ■

The above results allow us to define the observability of
each subsystem within the system partition πκ. Notice that for
subsystems that are disjoint and cover the measurable state-
space V , the observability of the dynamical system can be
expressed as the sum of the Gramians of each subsystem.
This equivalence, illustrated in Corollary 1, allows us to
evaluate the observability of each partition independently and
then aggregate their contributions. This enables scalable and
decentralized observability analysis of large-scale dynamical
systems, in particular that of SP applications.

C. Submodularity under system partitioning

In this section, we show that the aforementioned observ-
ability measures for an LTI system, represented by a system
partition πκ, exhibit modular and submodular properties and
thus provide theoretical guarantees under problem formulation
P2. The following lemma is essential in proving this result.
Lemma 2. ([29]) For set functions f1, f2, . . . , fk : 2V → R≥0

that are submodular. Any conic combination, that is, any
weighted non-negative sum, f(S) :=∑κ

i=1 wifi, is submodu-
lar, such that wk ≥ 0 ∀ k.

Based on the above lemma, we can now establish the
modularity of the subsystem observability Gramian as follows.

Theorem 1. (Modularity of subsystem observability Gramian)
Let πκ = {Si}i∈C be a disjoint partition of the measurable-
state set V . Then for each subsystem Si, the observability
Gramian given by WSi

is a modular set function for all
i ∈ C. Consequently, the overall observability Gramian for
the partitioned system Wπκ is modular.

Proof. For each measured state v ∈ V , we can define
its contribution to the subsystem observability Gramian as
WSi(v) :=

∑N−1
k=0

(
Ak
)⊤
c⊤v cvA

k. Then, by definition, the
observability Gramian for a subsystem i ∈ C is given by
WSi

=
∑

v∈Si
WSi

(v). Note that this can be written in the
modular form as WSi

=WSi
(∅) +∑v∈Si

WSi
(v).

As such, let A and B be two disjoint subsets of Si. Then,

WSi(A∪B) =
∑

v∈A∪B
WSi(v) =

∑
v∈A

WSi(v)+
∑
v∈B

WSi(v).

This additivity property proves that GramianWSi is a modular
set function. Now, from Proposition 1 we have

Wπκ =
∑
i∈C

WSi =

κ∑
i=1

∑
v∈Si

WSi(v).

Since this is a sum of modular functions, it follows from
Lemma 2 that Wπκ

is modular. ■

The above theorem shows that the observability Gramian for
each subsystem and the overall partitioned system are modular
set functions. Accordingly, Corollary 2 shows the submodular
properties of the observability-based metrics under πκ.
Corollary 2. (Submodular properties under a system partition)
Let the set functions fi : 2V → R≥0 represent an observability
based-measure, and let f(S) =∑i∈C fi(Si). Then, the func-
tion f (S) =∑i∈C tr (WSi

) is a modular set function, while
f (S) =

∑
i∈C rank (WSi

) and f (S) =
∑

i∈C logdet(WSi
)

are submodular monotone increasing set functions.

Proof. The proof follows from Theorem 1. For each sub-
system Si ∈ πκ, the observability Gramian can be written as
WSi

=
∑

v∈Si
WSi

(v). For disjoint subsystems Si the trace
is a linear function that depends on the measured states v ∈ Si.
This implies that the trace is modular set function. Then, the
sum of trace functions evaluated for i ∈ C we obtain

f(S) =
∑
i∈C

tr(WSi)=
∑
i∈C

tr

(∑
v∈Si

N−1∑
k=0

(
Ak
)⊤
c⊤v cvA

k

)
,

=
∑
i∈C

∑
v∈Si

tr (WSi
(v)) ,

it is straightforward to show for any Ai, Bi ⊆ Si and Ai ∪
{vi} = Bi such that i ∈ C, we obtain an equality
κ∑

i=1

(
tr(Ai∪{v})−tr(Ai)

)
=

κ∑
i=1

(
tr(Bi∪{v})−tr(Bi)

)
, (10)

then, from Lemma 2, f(S)=∑i∈C tr(WSi) is a modular set
function (see Definition 1). The proof of submodularity of
the logdet and rank follow from Theorem 1 and Lemma 2,
such that under the sum over all subsystems, logdet and rank
exhibit monotone submodular properties. That is the inequality
holds true in (10) forAi, Bi ⊆ Si andAi∪{vi} = Bi. We only
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provide the rest of the proof for the logdet metric, consider
set function fv : 2X\{v} → R≥0, for each v ∈ V, defined by

fv(S)=
∑
i∈C

logdet(WSi
(Si ∪ {v}))−

∑
i∈C

logdet(WSi
(Si)).

Now, let A and B be two sets such that A ⊆ B ⊆ X\{v}.
Then we can define for each i ∈ C the setsAi := A∩Si, Bi :=
B ∩ Si, such that

W Si(ϵ) :=WSi

(
Ai

)
+ϵ
(
WSi

(
Bi
)
−WSi

(
Ai

))
, 0 ≤ ϵ ≤ 1.

The set function fv(S) under the action of the above convex
combination can be written as

f̂v(ϵ) :=
∑
i∈C

[
logdet(W Si

(ϵ)+WSi

(
{v}
)
)−logdet(W Si

(ϵ))
]
.

We can observe that for f̂v(ϵ) for ϵ = 1 evaluated at Si ∪
{v} → Bi and for ϵ = 0 evaluated at Si ∪ {v} → Ai we
obtain the following relation

f̂v(1)− f̂v(0) =
∫ 1

0

d

dϵ

[
f̂v(ϵ)

]
dϵ.

We now show that the derivative of f̂v(ϵ) written as d
dϵ f̂v(ϵ)

is negative for all ϵ ∈ [0, 1]. Using the Jacobi formula
d
dϵ logdet(WSi(ϵ)) = tr

[
WSi(ϵ)

−1 dWSi
(ϵ)

dϵ

]
, we obtain

d

dϵ
f̂v(ϵ)=

∑
i∈C

tr
[((
W Si

(ϵ))+WSi

(
{v}
))−1−W Si

(ϵ)−1
)

(
WSi

(
Bi
)
− WSi

(
Ai

))]
,

now since W Si
(ϵ) ⪯ W Si

(ϵ) + WSi

(
{v}
)
, it follows that(

W Si
(ϵ) +WSi

(
{v}
))−1

−W Si
(ϵ)−1 ⪯ 0,

is negative semidefinite. Therefore, d
dϵ f̂v(ϵ) ≤ 0. Then, given

that the derivative is non-positive on [0, 1], we have f̂v(1) ≤
f̂v(0) which implies that fv(B) ≤ fv(A). This is equivalent
to showing fv(A∪{v})− fv(A) ≥ fv(B∪{v})− fv(B), i.e.,
the submodularity and monotone decreasing properties of fv .
By the additive property (Lemma 2) over all v ∈ V , f(S) is
monotone increasing and submodular. ■

Theorem 1 and Corollary 2 show that the observability-
based measures for partitioning P2 are submodular, and thus
that P2 can be solved using greedy algorithms with proven
theoretical guarantees. The next section introduces the SP
problem for a partitioned LTI system and shows that it can be
cast as a submodular maximization problem under a partition
matroid constraint, rather than a cardinality constraint (when
the system is not partitioned).

V. SENSOR SELECTION FOR SUBSYSTEM DYNAMICS

We can now formulate the SP problem for the resulting sub-
systems defined by partitions Si ∈ π∗

κ. Given any LTI system
and its κ partitions obtained by solving P2, the problem of
allocating sensors across the subsystems is investigated.

TABLE I
NOTATIONS FOR PARAMETERIZED OBSERVABILITY MEASURES FOR A

FULL AND PARTITIONED SYSTEM.

Description Full System Partitioned System

Measurable state-space V ⋃
i∈C Si = V

Number of partitions – κ = |C|
System partition – πκ = {S1, . . . ,Sκ}
Subsystem – A partition of πκ, Si ⊆ V
Sensor configuration set R ⊆ V Ri = R∩ Si ⊆ Si

Overall system Gramian Wo Wπκ =
∑

i∈C WSi

Subsystem Gramian – WSi
=

∑
v∈Si

WSi
(v)

Parameterized Gramian Wo(R)
∑

i∈C WSi
(Ri)

Observability-based measure f(R) f(R) = f
(⋃

i Ri

)
trace metric tr(Wo(R)) tr(

∑
i∈C WSi

(Ri))

logdet metric logdet(Wo(R)) logdet(
∑

i∈C WSi
(Ri))

rank metric rank(Wo(R)) rank
(∑

i∈C WSi
(Ri)

)

A. Subsystem sensor placement over a partition matroid

Let the ground V represent the measurable state-space. In
other words, it is the set of possible available sensor location
combinations. Let R ⊆ V be a subset of sensor nodes where
v ∈ R indicates an observed state. The number of sensors to
be employed within the subsystems can denoted as |R| = r.
The SP problem (P3), over the subsystems, that is subject to
a partition matroid can be written accordingly.
Problem 3. Given a system partitioning π∗

κ = {Si}i∈C of
measurable state-space V , the problem of allocating r sensors
across κ subsystems Si ∈ π∗

κ while maximizing an overall
observability-based measure f(R) : 2V → R≥0, with f(R) :=
f
(⋃

i∈C(R∩ Si)
)
, can be written as

P3: f∗R := max
R⊆V, R∈Ipri

f(R) = f

(⋃
i∈C

(R∩ Si)
)
, (11)

where the partition matroid constraint is given by Ipri
=

{R ⊆ V : |R ∩ Si |≤ ri, ∀ i ∈ C}, such that ri is the number
of sensors to be allocated to subsystem Si. The total number of
sensors is therefore r =

∑
i∈C ri and each v ∈ R corresponds

to an allocated sensor.
The function f(R) = f

(⋃
i∈C(R∩ Si)

)
is a submodular

observability-based measure that quantifies overall system
observability based on a set of sensor combination R ⊆ V .
Note that, if f(R) is modular then it reduces to f(R) =∑

i∈C fi (R∩ Si). The partition matroid ensures that the sen-
sors are allocated across the partitions while maximizing an
overall system observability measure f(R). This means that
there are no restrictions on having equal sensor ratios among
the subsystems. The reason is due to the difference in objec-
tive functions between P3 and P2, where the observability-
based measure of each individual partition or subsystem is
maximized in P2 rather than overall system observability
f
(⋃

i∈C(R∩ Si)
)

in P3. We summarize the notations for a
full and partitioned system parameterized by sensor configu-
ration set R in Tab. I.

We now show that the overall observability measure f(R),
parameterized under a sensor set R, retains its submodular set
properties. Subsequently, we provide a theoretical optimality
bound for the observability measures under a partition matroid.
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B. Submodular observability-based SP over a partition
To describe submodularity of the observability-based mea-

sure f(R), evaluated under a system partition, we first intro-
duce the following corollary the establishes the modularity of
the subsystem observability Gramian under a specified sensor
configuration. That is, the WSi

is modular in terms of sensor
allocations within each subsystem Si ∈ π∗

κ.
Corollary 3. (Gramian modularity under sensor parameteri-
zation) Let π∗

κ = {Si}i∈C be a partition of the measurable
state-space V obtained from solving P2, and let R ⊆ V be
any sensor configuration set. The modularity of the Gramian
WSi

for i ∈ C parameterized by a sensor selection set, denoted
as Ri = R∩ Si, holds true for any κ partitions.
Proof. The proof follows from Theorem 1. For a sensor
configuration R, we obtain a subsystem sensor configuration
Ri = R ∩ Si. Such that, for disjoint partitions Si ∈ πκ, we
have Ri ∩Ri = ∅ for all i ̸= j. Then for i ∈ C, we can write

WSi
(Ri) =WSi

(R∩ Si) =
∑

v∈R∩Si

WSi
(v),

where WSi
(v) represents the contribution of measurable state

v ∈ V to the WSi(Ri) parameterized by sensor set Ri. As
such, for two disjoint subsets Ai and Bi be of Ri, we obtain
WSi

(Ai ∪ Bi) =
∑

v∈Ai∪Bi
WSi

(v) =
∑

v∈Ai
WSi

(v) +∑
v∈Bi

WSi
(v). This additivity property proves that Gramian

WSi
, under sensor parameterization Ri, is a modular set

function. Now, from Proposition 1 we have Wπκ(R) =∑
i∈CWSi =

∑κ
i=1

∑
v∈Ri

WSi(v). Since this is a sum of
modular functions, it follows from Lemma 2 that Wπκ

(R) is
modular. ■

Following Corollary 3, we now can establish the submodular-
ity of the measures under a sensor parameterization.
Corollary 4. (Submodularity of parameterized observability
measures under a partition) Given a set of sensorsRi = R∩Si
within each subsystem, let WSi(Ri) represent the contribu-
tions of sensors belonging to Ri for subsystem Si. Then, the
parameterized set function f(R) = tr

(
∪i∈CWSi

(Ri)
)

retains
its modular set properties and f(R) = logdet

(
∪i∈CWSi

(Ri)
)

and f(R) = rank
(
∪i∈CWSi(Ri)

)
remain submodular and

monotone increasing under any sensor parameterization R.
Proof. From Corollary 3 and for i ∈ C we can compute the a
sensor set R ⊆ V contribution to the subsystem observability
Gramian as WSi(Ri) =

∑
v∈Ri

WSi(v), where Ri = R ∩
Si. Now considering the trace measure, the parameterized set
function f(R) can be written as

f(R) = tr
(⋃
i∈C
WSi

(R∩ Si)
)
= tr

(∑
i∈C

WSi
(R∩ Si)

)
,

where the second equality is due to the disjoint partition πκ
such that for any sensor configurationR, we haveRi∩Rj = ∅
for all i ∈ C. Now, we since the trace is linear operator and
the parameterized subsystems are disjoint we can write

f(R) = tr
(∑
i∈C

WSi(R∩ Si)
)
=
∑
i∈C

∑
v∈R∩Si

tr
(
WSi(v)

)
,

now, similar to the proof of Corollary 3, it is straightforward
to show that the equality holds true for (1) (Definition 1) for

any Ai,Bi ⊆ Ri and Ai ∪ {vi} = Bi for all i ∈ C. Thus,
f(R) = tr

(
∪i∈CWSi

(Ri)
)

retains is modularity under sensor
parameterization. Similar arguments follow for the logdet and
rank measures.

We follow a similar approach in Corollary 4 for the proof
of the submodularity of the logdet of a system partition under
sensor parameterization represented byR. Again, we define an
interpolation function to establish the submodularity of f(R).
Consider the set function fv : 2V\{v}i → R≥0, for each v ∈
V, defined by

fv(R)= logdet(
∑
i∈C

WSi
(Ri ∪ {v}i))−logdet(

∑
i∈C

WSi
(Ri)),

where, for each i ∈ C, we denote Ri := R∩Si and {v}i = v
if v ∈ Si. Then, we can define a PSD matrix W (ϵ) with
0 ≤ ϵ ≤ 1 as follows

W (ϵ) =
∑
i∈C

[
WSi(Ai) + ϵ

(
WSi(Bi)−WSi(Ai)

)]
,

where W (ϵ) interpolates over sets Ai := A ∩ Si, and Bi :=
B ∩ Si, where A,B ⊆ V and A ⊆ B such that v /∈ B. Now
by considering

f̂v(ϵ) := logdet
(
W (ϵ) +

∑
i∈C

WSi

(
{v}i

))
− logdet

(
W (ϵ)

)
.

We can observe that by applying the derivative of f̂v(ϵ)
and showing in a similar methodology as in the proof of
Corollary 2 that d

dϵ f̂v(ϵ) ≤ 0. Then, f̂v(1) = f(B ∪
{v}) − f(B), f̂v(0) = f(A ∪ {v}) − f(A), such
that f̂v(1) ≤ f̂v(0). Therefore establishing the submodularity
of f(R) = logdet

(
∪i∈CWSi

(Ri)
)
. For brevity, we do not

show the matrix derivative of logdet(W (ϵ)) and solve for the
derivative of f̂v(ϵ). This follows a similar approach to the
proof of Corollary 2. ■

Given that we are solving P3 while maximizing an overall
observability measure over the system partition rather than
over individual subsystems, it is important to understand how
the resulting sensor configuration for overall observability
compares to that of subsystem observability. Note that, in
the case where we are allocating sensors for local subsystem
observability, we use f(R) =∑i∈C f (R∩ Si)) when solving
P3. With that in mind, we show that there exists a bound for
the different observability-based measures. The bound relates
overall system observability to the sum of the observability
metrics computed individually for each subsystem using the
same sensor configuration. This result enables us to quantify
the impact of decentralized sensor contributions on an overall
observability-based objective. The following theorem estab-
lishes this bound on the resulting SP configuration within the
subsystems as compared to overall system observability under
the same sensor parameterization.
Theorem 2. (Bound on parameterized subsystem observabil-
ity measures) Let f : 2V → R≥0 be a trace or logdet set
function quantifying the overall observability of parameterized
subsystems Si. Then, for any set R with |R| = r sensors, the
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following holds true

f

(⋃
i∈C

(R∩ Si)
)
≥
∑
i∈C

fi (R∩ Si) , (12)

and the reverse inequality holds true for rank, where πκ =
{Si}i∈C is any partition of V and fi : 2V → R≥0 is the
corresponding observability-based measure for subsystem Si.
Proof. For each of the different measures we prove a lower
bound for the observability of the LTI system accordingly.
(i) The trace is a linear modular set function under sensor
parameterization (Corollary 3), then the lower bound in (12)
holds as an equality as follows.

tr
(⋃
i∈C
WSi(R∩ Si)

)
=
∑
i∈C

tr
(
WSi(R∩ Si)

)
.

(ii) The logdet is submodular and monotone increasing. For
all subsystems Gramians WSi

(R ∩ Si) ⪰ 0, we employ
the Minkowski determinant inequality [36, Theorem 7.8.21],
which states that for any square matrices A,B ⪰ 0, the fol-

lowing inequality holds det(A+B)
1
n ≥ det(A)

1
n+det(B)

1
n .

By applying the logarithm to the Minkowski inequality of the
sum of subsystem Gramians, the following holds true

logdet
(∑
i∈C

WSi
(Ri)

) 1
n ≥ log

(∑
i∈C

det
(
WSi

(Ri)
) 1
n
)
.

This inequality implies that the logdet of the sum of subsystem
Gramians is greater than or equal to a function involving the
log of the sum of determinants of WSi

. Now, given that the
logdet is a concave function, and using Jensen’s inequal-
ity [37, Lemma 1.1.2] which states that

∑n
i=1 αif (xi) ≤

f (
∑n

i=1 αixi), where
∑n

i=1 αi = 1. Then by defining αi =
ri
r , we can write that

log

(∑
i∈C

1
αi

det(WSi)

)
≥
∑
i∈C

1
αi

logdet(WSi)

= log
(∏
i∈C

det(WSi)
1
αi

)
=
∑
i∈C

1
αi
logdet(WSi

).

Then, for n = 1 and
∑

i∈C αi =
ri
r = 1, we obtain the lower

bound as

logdet
(∑
i∈C

WSi
(Ri)

)
≥
∑
i∈C

logdet(WSi
(Ri)).

(iii) For any partition with each WSi
(R∩ Si) ⪰ 0 we obtain

the following rank measure inequality for any sum of matrices.

rank
(∑
i∈C

WSi(Ri)
)
≤
∑
i∈C

rank
(
WSi(Ri)

)
.

This completes the proof. ■

Remark 1. The set R representing the sensors allocated to
the partitioned measurable state-space can yield sub-optimal
results when considering the rank metric. By contrast, the
optimality of the result for the trace and logdet measures
is bounded by the sum of individual subsystem observability
measures. The usage of specific observability metrics remains
application-dependent but the theoretical results offer the de-
scribed trade-offs between optimality and performance.

Overall System Observability
Wo =

∑N
k=0(A

k)⊤C⊤CAk

Subsystem Partitioning
f∗
πκ

= maxS⊆X , S∈Ip1
f(S)

Subsystem Gramian
WSi

=
∑

v∈Si
WSi

(v)

Partitioning Observability Measures
f(S) =

∑
i∈C fi(Si)

Partitioned System Observability
Wπκ =

∑
i∈C WSi

SP under a Partition
f∗
R = maxR⊆V, S∈Ipri

f(R)

Parameterized Subsystem Gramian
WSi

(R ∩ Si)=
∑

v∈R∩Si
WSi

(v)

Overall Sensor Allocation Measure
f(R) = f (∪i∈CRi)

Theorem 1 and Corollary 2 Corollaries 3 and 4

Wo ≡ Wπκ

π∗
κ

Fig. 6. The framework for submodular partitioning and sensor place-
ment in LTI systems. The left column partitions the measurable state-
space by solving P2 while quantifying observability based on κ sub-
systems. The right column represents the resulting partitioned system,
where P3 is solved under a partition matroid constraint. Gray boxes
show the modular and submodular properties of the subsystem observ-
ability Gramians, as established in Theorem 1 and Corollaries 2–4.

We note that a sensor v ∈ R is selected under a measurable
state-space partition πκ with subsystems that are intercon-
nected. This means that the contribution of this sensor within a
subsystem impacts overall observability through the dynamical
coupling of the states. As a result, and considering the above
theorem, we can say that when solving the SP problem for the
trace and logdet metrics over a system partition, we obtain
an overall observability solution that is greater than or equal
to the sum of the measures over each individual subsystem.
This shows that considering a centralized SP formulation over
an interconnected partitioned system results in performance
that is bounded relative to the sum of subsystem observability
measures. We show this in the case studies in Section VII.

In the next section, we present the framework and algorithm
used to solve the observability-based partitioning and SP
problems. This includes detailing the continuous relaxation of
a submodular set maximization problem.

VI. PARTITIONING AND OBSERVABILITY VIA THE
CONTINUOUS MULTILINEAR EXTENSION

The framework of observability-based partitioning and SP
for an LTI system is illustrated in Fig. 6. As a result of
posing the problems under a matroid constraint, and due to the
submodular properties of the observability-based measures il-
lustrated in Theorem 1 and Corollaries 2–4, we exploit greedy
algorithms to solve observability-based system partitioning
and SP over the interconnected subsystems.

For a matroid constraint, solving the submodular maximiza-
tion problem continuously offers a better optimality guarantee.
This can be done by applying continuous extensions to a
submodular function; that is, extending set function f to a
function F : [0, 1]n → R≥0, which agrees with f on the
hypercube vertices [38]. An extension to submodular functions
under maximization, such as the multilinear extension [33], is
equivalent to the approximate concave closure of the objective
set function. The application of the multilinear relaxation to
a utility-maximization problem of multi-agent systems under
a partition matroid is studied in [26]. In this work, we apply
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such an extension to solve the partitioning problem P2 and
the SP problem P3 using the continuous greedy algorithm.
We note that distributed algorithms, such as the one introduced
in [26], can be utilized for both problem formulations in this
manuscript; however, for brevity, we do not attempt to solve
the partitioning and SP problems using different algorithms.
Furthermore, for succinctness in exposition, we write the
extension for the partitioning problem P2; an equivalent
formulation can be written for P3 by changing the ground
set and the partition matroid constraint.

For a monotone submodular function f : 2X → R≥0, we
consider its multilinear extension F : [0, 1]n → R≥0 as

F (x) =
∑
S⊆X

f(S)
∏
s∈S

[x]s
∏
s/∈S

(1− [x]s), (13)

where [x]s denotes the inclusion probability of element s ∈ X
and n = |X |. Let the set Sx be any subset for x ∈ [0, 1]n

where each element s ∈ X is included independently with
probability [x]s. Then, the multilinear extension can be equiv-
alently expressed by randomly sampling sets S to probabilities
in [x]s as the expected value, F (x) = E [f(Sx)], where E[·]
denotes the expected value of f (Sx). The submodular set
maximization problem under the application of the multilinear
extension can be written as

F ∗
S := max

S⊆X , S∈Ip1

F (x). (14)

The first partial derivative of the multilinear extension F (x)
can be written as

∂F (x)

∂[x]s
= E [f(Sx ∪ {s})− f(Sx \ {s})] . (15)

Readers are referred to [33] for the derivation of the above
partial derivative. Note that F is concave in every direction
when f is polymatroid. This means that ∂F (x)

∂[x]s
≥ 0 if and

only if f is monotone non-decreasing, and the second partial
derivative, ∂2F (x)

∂[x]a∂[x]b
, for distinct a, b ∈ X , is ≤ 0 if and only

if f is submodular.
To solve this continuous relaxation, we apply the continuous

greedy algorithm 1. The algorithm follows the direction of
maximum expected marginal gain under a partition matroid
constraint. The algorithm defines a path x : [0, 1]→ Sx, where
x(0) = 0 and x(1) is the output of the algorithm. The gradient
of x is chosen greedily in X in order to maximize F . This
results in maximizing d

dlx(l) = arg maxx∈Sx

∂F
∂[x]s

(x(l)),
where l ∈ [0, 1]. Due to the equality in (15), this is equivalent
to maximizing the expected marginal gain as follows

argmax
S∈I

∑
s∈S

ws ∼ E [f (Sx ∪ {s})− f (Sx\{s})] , (16)

Once a fractional solution x∗ is obtained, a pipage round-
ing [39] algorithm is used to recover a discrete feasible
solution. It is shown in [32], that pipage rounding can be
used to round the solution while maintaining its feasibility;
interested readers are referred to [32, Section 3.2].
Remark 2. In P2, the underlying matroid constraint is a
simple partition matroid, κi = 1. Thus, the continuous greedy
algorithm can be simplified by performing independent ran-
domized rounding for each state after obtaining the fractional

Algorithm 1: Continuous greedy algorithm [32] for
solving P2 and P3.

1 Input: Ground set X , V , function f(S) , f(R) ,
matroid Ip1 , Ipri

, partitions κ, sensors r

2 Initialize: x← 0, S ← 0 , R ← 0
3 for t← 1 to T do
4 Estimate ∂F

∂[x]s
for either s ∈ X or r ∈ V

5 Select S∗ = argmaxS∈Ip1

∑
s∈S

∂F
∂[x]s

using (16),

or R∗ = argmaxR∈Ipri

∑
r∈R

∂F
∂[x]r

using (16)

6 Update x← x+ 1
κ · 1S∗ , or x← x+ 1

κ · 1R∗

7 Apply random sampling to obtain S∗ ⊆ X , or pipage
rounding to obtain R∗ ⊆ V

solution x. This rounding preserves the (1 − 1/e) guarantee
without requiring pipage rounding [32].

P2

X f(S)
Ip1

S ← 0

Select S∗ = argmaxS∈Ip1

∑
s∈S

∂F
∂[x]s

using (16),

Update x← x+ 1
κ · 1S∗ ,

S∗ ⊆ X

s ∈ X

P3

V f(R)
Ipri

R ← 0

or R∗ = argmaxR∈Ipri

∑
r∈R

∂F
∂[x]r

using (16)

or x← x+ 1
κ · 1R∗

R∗ ⊆ V

r ∈ V

The partitioning problem P2 can be efficiently solved while
obtaining the following optimality guarantee.
Theorem 3. ([32]) Let f : 2X → R≥0 be a polymatroid
function and F : [0, 1]n → R≥0 be its multilinear extension.
Then, the following performance bound holds true

F ∗ − f(∅) ≥
(
1− 1

e

)
(f∗ − f(∅)) , with f(∅) = 0,

where f∗ and F ∗ are the optimal values of the set maximiza-
tion problem and its continuous relaxation.

Note that the same optimality guarantee holds true for
the SP problem P3. The continuous greedy algorithm pre-
sented in Algorithm 1 can be used to solve both P2 and
P3. The differences are depicted by the colors highlighting
the equations for each of the problems. The computational
complexity of the continuous greedy algorithm in general is
O(|X|7) [33], while for a simple partition matroid as in P2, it
is O(|X|2) [32], where |X| = κ×ny . There exists a plethora
of studies that contribute to finding optimal and efficient
methods to solve and formulate the continuous maximization
problem (14). Methods include (i) the probabilistic formulation
utilized herein [32], (ii) exact multilinear extensions for spe-
cific objective functions [40], and approximate extensions by
Taylor series approximations [41]; both do not require random
sampling. Indeed, investigating the applicability of different
approaches to solve the multilinear extension is warranted.
However, the objective of this manuscript is to formulate the
partitioning problem and its respective SP formulation while
investigating their submodular properties.

VII. NUMERICAL SIMULATION

To demonstrate and validate the measurable state partition-
ing problem P2 and the subsequent SP problem P3, we
investigate the following research questions
• (Q1) How does solving P3 over a partitioned system

compare to solving the SP problem over the unpartitioned
system?
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• (Q2) Does the inequality established in Theorem 2 hold
for logdet observability measure parameterized by sensor
configuration R?

• (Q3) How does the choice of the number of partitions κ
affect the optimality of the measurable state-space parti-
tioning in P2? Does the framework enable computational
scalability, and what are the trade-offs between partition
number and SP performance?

• (Q4) How does the observability of the subsystems obtained
from P2 compare to that of partitions from the spec-
tral clustering method? Is the state-estimation performance
maintained under the proposed partitioning framework?
To address the above questions, we consider a nonlinear

natural gas combustion reaction network [42] written as

ẋ(t) = Θψ (x(t)) , (17)

where ψ (x) = [ψ1 (x) , ψ2 (x) , . . . , ψnr
(x)]T , and ψj j =

{1, 2, . . . , Nr} are the polynomial functions of con-
centrations. The state vector x = [x1, x2, · · · , xnx ],
represents the concentrations of nx chemical species. The
constant matrix Θ = [wji−qji] ∈ Rnx×Nr , where qji and wji

are the stoichiometric coefficients. Let Nr denote the number
of chemical reactions, then the list of reactions can be written
as
∑nx

i=1 qjiRi ⇄
∑nx

i=1 wjiRi, j ∈ {1, 2 , · · · , Nr},
where Ri, i ∈ {1, 2, · · · , nx} are the chemical species.
The reaction rates are computed using the Cantera [43] at a
temperature of 1000K and under atmospheric pressure.

The two mechanism or combustion networks considered are:
(N1) an H2O2 network that has Nr = 27 reactions and nx =
10 chemical species and (N2) a GRI30 network that has Nr =
325 reactions and nx = 53 chemical species. The network
models are described using Cantera type files “h2o2.yaml”
and “gri30.yaml”. The combustion reaction is solved using
the Cantera package. The submodular maximization problems
are solving using Python and solved on a MacBook Pro with
an Apple M1 Pro chip, a 10-core CPU, and 16 GB RAM.
We linearize the nonlinear combustion network (17) around a
reference steady state conditions x0 = xact

0 obtained from the
mechanism’s nominal equilibrium. The discretization constant
using forward Euler is ∆t = 1 · 10−12 and an observation
window of N = 1000 is chosen. We perturb the initial condi-
tions using a conservation-respecting transformation that lies
in the null space of an elemental composition matrix E. This
ensures that total atomic balances are preserved. The perturbed
initial state xpert0 is used to generate the dynamics (2). Let
yk = Cxk, where C is the output matrix that maps the
concentrations of chemical species xk to the measurable states
yk via the to-be-placed sensors.

A. Solving the partitioning and SP problem on N1
To demonstrate the proposed framework, we solve the

partitioning problem P2 for N1 under the logdet observability
measure. The choice of this metric is grounded in the results
of Theorem 2 and its underlying relationship to Kalman filters
and, therefore, state-estimation error. The partitioning problem
P2 is then solved using the continuous greedy Algorithm 1
for κ = 4. We analyze the convergence of the multilinear ex-
tension under different sampling numbers and number of steps

V 1
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10

(a) Unpartitioned System

S1 S2

S3 S4

1
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2

3
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7

9 10

(b) Partitioned System

Fig. 7. (N1) Partitioning of an H2O2 combustion reaction network.
Sensor locations on the (a) unpartitioned system and (b) partitioned
system that is clustered by color. Sensor nodes can be identified by
observing the shaded nodes within each cluster and the colored nodes
within the unpartitioned system.

T . A sampling number of 100 and T = 10 steps are chosen
for solving P2. We do not show the convergence analysis
here for brevity; it depends on the size of the network and
the objective function. We note that the combustion networks
have non-participating species that are assigned a singleton
partition of their own. The SP problem P3 is subsequently
solved for the system under the partitioning πκ obtained from
P2. The SP results for the partitioned system are compared
to those of the full system with no partitions.

The results for solving P2 and P3 for the H2O2 com-
bustion reaction network are illustrated in Fig. 7. The results
in Fig. 7a depict the system states when no clustering is
considered along with the optimal sensor configuration for
r = 6 sensors, and in Fig. 7b, the clustered measurable states
along with the sensor configuration for the same number of
sensors. The arrows depict connections between system states
obtained from the adjacency matrix representing the list of
reactions,

∑nx

i=1 qjiRi ⇄
∑nx

i=1 wjiRi, of the considered
combustion network. Notice that states nine and ten are non-
interacting species, i.e., they do not react with any of the other
species. To observe such states, a sensor is required to be
allocated to each particular state variable.

By observing Fig. 7, we highlight that (i) the partitioning,
for κ = 4, results in two non-participating species partitions
and two subsystems, S1 and S2, that maximize partition
observability f(Si); and (ii) the sensor configuration obtained
by solving P3 using the continuous greedy Algorithm 1 is
the same for both the partitioned and unpartitioned systems.
That being said, we obtain the same optimal solution with
a logdet(W (R)) = logdet(

∑
i∈CWSi

(R)) = 38.91. As a
baseline, the observability measure for a fully sensed H2O2

network is logdet(W ) = 79.35. The computational time for
solving the partitioning problem P2 using Algorithm 1 is
2.83 seconds. While solving the partitioning problem using
the method of expectation might be costly, a closed form and
approximate multilinear extensions exist and can be used [40],
[44]. This reduces the computational complexity by avoiding
the random sampling of the expectation.

Furthermore, the computational time for solving P3 using
the continuous greedy algorithm and pipage rounding for both
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the unpartitioned system and partitioned system obtained from
solving P2 are 0.648 and 0.226 seconds. This highlights a
significant decrease in computational time for the SP problem.
The authors in [4] show that a simple greedy algorithm can
yield 99% optimality for LTI systems. To check the optimality
of our solution above, we use a brute-force approach to find
the optimal sensor configuration that maximizes the logdet
metric. The result is equivalent to the solution obtained from
solving P3 using the proposed framework, thereby validating
the theoretical guarantees of Theorem 3. We note that we also
obtain the same optimal sensor configuration when solving P3
using a simple greedy algorithm for the partitioned system
under a partition matroid constraint. While the optimality
of simple greedy algorithms for partition matroid constraints
is 1/2 in theory, the results herein further demonstrate the
practicality of the submodular maximization approach.

Based on the results illustrated on the network N1 (which
serves as an example), we can now address the posed research
questions by studying the larger-scale network N2.

B. Spectral clustering and identifying the range of κ
We approach identifying potential values for the partition

number κ by studying graph-based measures that capture
community structure within a network. We do not delve into
the literature on such graph-based methods, as this is not the
purpose of the work herein. Rather, we borrow a well-known
measure that enables the quantification of closely and densely
connected subsystems (community structures) as a means (i)
to motivate the range of values for κ, and (ii) to show that
solving the observability-based partitioning problem results in
more observable partitions.

We consider a modularity-based metric (not to be confused
with Definition 1) to obtain potential choices for the number
of partitions. For a system partition πκ, modularity Q, which
quantifies each subsystem’s interconnection link density [45],
can be defined as

Q =
1

2m

nx∑
i,j=1

[
Aadj

ij −
aiaj
2m

]
δ(Si,Sj) ∈ [−1, 1], (18)

where the adjacency matrix Aadj = [Aadj
ij ] ∈ Rnx×nx

represents the reaction network Θ, such that Aadj
ij = 1 if

species Ri and Rj participate in any reaction together, and
Aadj

ij = 0 otherwise. The degree ai =
∑nx

j=1A
adj
ij represents

the number of connections between species Ri and all other
species, while the total number of edges in a network is given
by m = 1

2

∑nx

i,j=1A
adj
ij . The term aiaj

2m represents the expected
number of connections between species Ri and Rj if edges
were randomly distributed while preserving node degrees. The
function δ(Si,Sj) = 1 if species Ri and Rj belong to the
same community, and 0 otherwise.

We consider spectral clustering to obtain partitions for a
varying number of κ values by computing the normalized
Laplacian of the combustion reaction network. The Laplacian
matrix for a given adjacency matrix Aadj is defined as L =
D−Aadj ∈ Rnx×nx , whereD ∈ Rnx×nx is a diagonal degree
matrix with Dii = ai. The normalized Laplacian is given by
L̄ =D−1/2LD−1/2.
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Fig. 8. Partition modularity Q of the GRI30 combustion network
obtained from spectral clustering for varying κ. The selected range for
κ is shown in red.

For each κ, we compute the first κ eigenvectors correspond-
ing to the smallest non-zero eigenvalues of L̄ and use them
to cluster the species into κ partitions using the spectral k-
means clustering algorithm [46]. We vary κ from 3 (due to
the existence of non-interacting species) to 14 and compute
the corresponding modularity Q scores for each partitioning
πκ. The modularity scores for N2 are shown in Fig. 8. We
observe that Q values for κ ∈ {3, 4, 5, 6} correspond to
high modularity scores (Q ∈ [0.143, 0.175]), with κ = 4
achieving the maximum modularity of Q = 0.175. Note that
high modularity (Q > 0) indicates that nodes within the
same partition are more densely connected, revealing natural
community structure. Based on the results, to solve P2 and
evaluate its optimality, we select κ ∈ {3, 4, 5, 6}.

C. Answering the posed research questions
To answer the posed research questions, we now solve P2

and P3 for the larger GRI30 combustion reaction network.
The results for partitioning under two different partition num-
bers κ = {3, 4, 5, 6} and r = 23 are depicted in Fig. 9.
The computational time for solving the partitioning problem
under each κ is {11.997, 21.097, 34.415, 49.648} seconds; see
Section VI for the time complexity. Notice that by increasing
κ, the partitions obtained tend to have nodes/states that are not
interacting (reacting) with the states within the same partition;
see Fig. 9e, partition S2. This is expected since from Fig. 8,
we can see that modularity for κ > 5 is low. The reason is that
the partition number κ = 6 is larger than that of the commu-
nities of species that interact within the combustion reaction
network. When increasing κ beyond the existing community
structures, states are acquired by the partition while increasing
the overall system observability abilities of the partition. This
is corroborated by the fact that states {30, 35} ∈ S2 are
interacting with sensed species in other partitions. Observing
Fig. 9d, partition S2, we see that sensor state {29} now in
S4 (Fig. 9e) is interacting with state {30}, while sensed state
{26} ∈ S1 is interacting with state {35}. Thus by construction,
P2 partitions the system while maximizing the overall system
observability by maintaining inter-subsystem connections. In
other words, we obtain species within a subsystem that do
not interact with the species in the same subsystem but
interact with other subsystems, which means the partitioning
problem favors overall observability maximization when κ is
not optimal for inter-subsystem observability.

We note that as a result of the practical optimality of
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(c) Partitioned System κ = 4
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(d) Partitioned System κ = 5
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(e) Partitioned System κ = 6

Fig. 9. (N2) Partitioning of a GRI30 combustion reaction network. Sensor locations for the (a) unpartitioned system and partitioned systems
with (b) κ = 3, (c) κ = 4, (d) κ = 5, and (e) κ = 6 are shown. Sensor nodes can be identified by observing the shaded nodes within each
subsystem and the colored nodes within the unpartitioned system. The state network within the subsystem is shown by the arrows. The dashed
arrows illustrate subsystems that have at least one state interacting with a state in another partition. Note that partitions (b) S3, (c) S4, (d) S5 and
(e) S6 are singleton partitions indicating non-participating species.

the P3 for N1, we solve P3 for N2 using the simple
greedy algorithm. Similar to the results obtained for the
small combustion reaction network, the optimal sensor con-
figuration for the unpartitioned system is equivalent to that
of the partitioned system. Furthermore, notice that we ob-
tain the same optimal configuration under different partition
numbers. This is a result of solving P3 under objective
function defined as logdet(

∑
i∈CWSi

(Ri)). Now, to val-
idate Theorem 2, we solve the SP problem for objective
function

∑
i∈C logdet(WSi

(Ri)). The difference in sensor
configuration results with respect to those obtained from
logdet(

∑
i∈CWSi(Ri)) are summarized in Tab. II.

Notice that the resulting sensor configurations for both
κ values are suboptimal compared to the original objective
function; however, the configuration for κ = 5 is closer to the
optimal value than that for κ = 6. By observing the difference
in chosen states within specific partitions, the choice of states
favors localized observability, meaning that the chosen states
have more intra-subsystem connections (species interacting
within the same cluster). This can be easily depicted for κ = 5

TABLE II
DIFFERENCE IN OPTIMAL SOLUTION SETS WHEN SOLVING P3 FOR THE

PARTITIONED SYSTEM WITH κ = 5 AND κ = 6, EVALUATED FOR

r = 22 SENSORS UNDER THE GLOBAL f(
⋃

i∈C Ri) AND LOCAL∑
i∈C f(Ri) OBSERVABILITY OBJECTIVE FUNCTIONS. ALL OTHER

SELECTED STATES REMAIN THE SAME.

Partition κ = 5 κ = 6
f(

⋃
i∈C Ri)

176.36

∑
i∈C f(Ri)
115.16

f(
⋃

i∈C Ri)
176.36

∑
i∈C f(Ri)
106.81

S1 – {5, 20, 30} – –
S2 {18, 29, 33, 45} – – {20, 30}
S3 – {27} {33} {53}
S4 – – {23, 29} –
S5 – – – –
S6 ∅ ∅ – –

by checking state {5} in S2 (Fig. 9d), which is chosen as a
sensor node when solving for the local objective function. This
state interacts with several other states with the same partition,
thereby enhancing the observability of that subsystem. This
can also be observed for κ = 6 by checking states {20, 30}
in S2 and {53} in S3 (Fig. 9e). However, since the subsystem
Gramian remains of size Rnx×nx , the localized objective
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Fig. 10. Modularity Q of the optimal partitions and the ratio of the
observability measure f(S) for subsystems obtained by solving P2
versus those obtained via spectral clustering for the GRI30 network.

function still contributes to maximizing global observability.
The partitioning of the Gramian into submatrices of different
sizes results in subsystems that are disconnected (i.e., with
no interconnections). This is a topic for future research, as it
requires reformulating the partitioning problem P2.

Based on the results, we compare the observability measure
and the modularity Q of the resulting partitions in Fig. 9 with
those obtained using spectral clustering in Section IV.B. Ob-
serve from Fig. 10 that the observability ratio fP2(S)/fspec(S)
of partitions obtained from solving P2 versus those from spec-
tral clustering are 1.4 to 0.6 times higher for the considered
κ values. However, the respective modularity values of the
optimal partitions decrease to around zero for each κ; this
is in contrast to those of the spectral clustering partitions.
This shows that P2 results in more observable partitions
while balancing inter/intra-connections within the subsystems
(Q ≈ 0), thus demonstrating the value of observability-based
partitioning in identifying subsystems that are more observable
and can potentially enhance state estimation performance. The
results also provide evidence that higher modularity (i.e., more
densely connected subsystems) does not necessarily imply
improved observability of the subsystems.

Furthermore, Tab. III shows the optimality of the objective
function and the computational time for solving P3 for differ-
ent partition numbers κ and sensor numbers r. Accordingly,
we highlight the following results. The optimal value for
P3 for the unpartitioned system, f(R), and the partitioned
system, f(∪i∈CRi), are equivalent. The computational time is
significantly reduced for all the cases studied under system
partitioning; however, it does not change with varying the
value of κ but with the number of sensors. This is due to a
computational threshold, from logdet evaluations, that is not
exceeded for this system size. The optimal value for P3 under
partitioning and the localized objective function

∑
i∈C f(Ri)

is suboptimal for all cases and thereby validates Theorem 2.
The least suboptimal values obtained for all the sensor num-
bers studied are for κ = 3. This shows that, for this network,
the partitioning problem P2 favors maximizing overall system
observability by considering optimally allocating states that to
a partition with more inter-subsystem connections.

To better understand and further validate the proposed
partitioning and SP framework, we assess the performance
of the optimal sensor configurations from a state-estimation
perspective. We implement a discrete-time Kalman filter [47]
for observation horizon N = 1000 with Monte Carlo averag-
ing over 50 trials to assess statistical performance. The noise
covariance matrices are chosen as Q = 10−4Inx

(process
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Partitioned (κ = 3 to 6)
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Fig. 11. State estimation results over the partitioned and unpartitioned
GRI30 network under optimal SP partitioned for varying κ, and r.

noise) and R = 10−4Iny
(measurement noise). The initial

error covariance is set to P0 = 10−1Inx
. The state estimation

relative error for varying partition numbers κ and sensors
r are shown in Fig. 11. The relative error is computed as
∥x̂ − x∥2/∥x∥2, where x̂ is the estimated state and x is the
true state. We observe that the state-estimation performance
for the partitioned system under different κ values matches
that of the unpartitioned system. This further validates the
optimality of the sensor configurations obtained by solving
P3 under the proposed framework. Notice that increasing
the number of sensors r, which is equivalent to achieving
a higher observability measure (Tab. III), leads to improved
state-estimation performance. This is expected due to the
underlying relationship between logdet and state-estimation
error. While the results show that partitioning does not degrade
estimation performance, they warrant future investigation into
the performance of localized or distributed state estimators,
particularly for boundary states.

Based on the numerical results of two combustion reaction
networks, we conclude the following. (i) That the results for
the SP problem over partitioned and unpartitioned systems
yield similar optimal values while significantly reducing the
computational time; this answers Q1. (ii) The above results
validate the theoretical bounds established for the logdet met-
ric in Theorem 2. We have shown that solving P3 under the
localized objective function

∑
i∈C logdet(WSi(Ri)) yields

suboptimal values when compared to the global objective
f(∪i∈CRi); this answers Q2. (iii) By varying the number of
partitions κ, the structure of the partitions and observability
can be affected. For network N2, the optimal partition number
is κ = 5. While achieving the highest observability-based
optimal value f(S), it also demonstrates better performance
under parameterized local observability measures. This shows
that the partitioning and SP framework supports scalable
partitioning while offering trade-offs between subsystem in-
traconnections and the number of partitions; this answers Q3.
(iv) By comparing to spectral clustering-based partitioning,
we have shown that the proposed observability-based parti-
tioning framework yields partitions that are more observable
while balancing inter/intra-subsystem connections, this is also
reflected in the state-estimation performance. This answers Q4
and concludes this section.

VIII. FINAL REMARKS

This paper presented a new perspective for solving the SP
problem. We introduced a partitioning and sensor placement
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TABLE III
OPTIMALITY AND COMPUTATIONAL TIME FOR SOLVING THE SP PROBLEM P3 OVER THE PARTITIONED AND UNPARTITIONED GRI30 COMBUSTION

REACTION NETWORK FOR VARYING κ, r, AND OBJECTIVE FUNCTION FORMULATION.

N2: GRI30
κ = 3 κ = 4 κ = 5 κ = 6

r = 10 r = 16 r = 23 r = 10 r = 16 r = 23 r = 10 r = 16 r = 23 r = 10 r = 16 r = 23

f(R) -50.12 91.00 176.36 -50.12 91.00 176.36 -50.12 91.00 176.36 -50.12 91.00 176.36
time (sec) 12.10 18.49 24.35 11.95 17.98 24.48 12.12 18.63 24.19 12.05 18.62 24.20
f(∪i∈CRi) -50.12 91.00 176.36 -50.12 91.00 176.36 -50.12 91.00 176.36 -50.12 91.00 176.36
time (sec) 1.89 2.84 3.67 1.80 2.86 3.70 1.92 2.88 3.58 1.94 2.83 3.55∑

i∈C f(Ri) -93.27 49.69 136.85 -115.22 18.97 123.43 -128.88 13.41 115.16 -136.02 1.43 106.81
time (sec) 1.95 2.91 3.80 1.82 2.97 3.83 1.97 3.04 3.87 1.99 2.93 4.30

framework grounded in submodular maximization formula-
tions. By clustering the measurable state-space into a user-
defined number of interconnected partitions, we enable scal-
able solutions to the SP problem under a partition matroid
while maximizing full system observability. The global and
local subsystem observability under sensor parameterization
are studied, thereby offering insights into the trade-offs in-
troduced by partitioning. By duality, all of the results hold
for actuator placement under partitioned system dynamics
using controllability Gramian-based measures. This work is
not devoid of limitations. Specifically, we do not consider: (i)
process noise or measurement noise in the problem formu-
lation, although we study state-estimation performance under
such configurations; (ii) redundancy towards sensor failures
events, which impacts practical deployment; and (iii) models
that depict infrastructure system networks. The work presented
thus merits future investigation on this topic, which entails:
(a) addressing the aforementioned limitations; (b) studying the
partitioning problem while explicitly removing inter-partition
connections, thereby decomposing the Gramian into sub-
Gramians; and (c) solving P3 utilizing algorithms that further
exploit the partition structure (distributed algorithms [26]).
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