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Today: Multiple Random Variables
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Recap: Standard Normal Distribution
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Negative Values

Complement



Recap: Example 4 – Lifespan of Lightbulbs
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b. What should the warranty period be if the 
company wants to cover only the bottom 5% of 
bulbs?

We want to find the value of X where 
5% of the data is below it.



Recap: Example 4 – Lifespan of Lightbulbs
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b. What should the warranty period be if the 
company wants to cover only the bottom 5% of 
bulbs?
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Multiple RVs – Learning Objectives

• Probability Distributions of Multiple RVs
• Describe probability distributions of multiple RVs

• Calculate probability of multiple probability distributions

• Solve problems with both discrete and continuous R.V.
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Univariate vs. Multivariate distributions

Interest in evaluating the probability of 
multiple events

• E.g., What is the joint probability of having an 
earthquake and a tsunami?

Multiple Hazard

• Wind and surge (correlated)
• Earthquake and flood (uncorrelated)
• Wind and earthquake (different time scales)
• Fire after earthquake (cascading effects)
• Tornado and pandemic (Nashville)



Recall: Discrete Vs. Continuous RVs
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• A RV is a variable whose value can take on one of several realizations such 
that each realization is associated with a likelihood of occurrence



Joint PMF of Two Discrete RVs
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Joint PMF of two Discrete RVs

Axioms



CDF and the Marginal Probability of Two Discrete RVs
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CDF of two Discrete RVs

Marginal Probabilities

Recall:



• There is no difference between the marginal probability that we discussed 
during our probability rules lectures for single random variables and the 
marginal PMF pX(x).  They both give the probability that X = x.

• However, the word marginal implies that there is an additional random 
variable that is being considered.

• In general, if the joint PMF is known, it is always possible to get the marginal 
PMF's.  However, if the marginal PMF's are known, it is usually not possible 
to get the joint PMF. 

Marginal Probability of Two Discrete RVs
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Marginal Probabilities



Marginal Probability of Two Discrete RVs
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Conditional probability mass function (conditional PMF), 𝑝𝑋|𝑌(𝑥, 𝑦), is the 

probability mass function of 𝑋 given that 𝑌 = 𝑦

Conditional Probability of Two Discrete RVs
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Conditional probability of two Discrete RVs

Recall:



Conditional Probability of Two Discrete RVs
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Example 1 – Factory Leak
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In a factory, there is occasionally a small leak of foul-smelling gas. 
The factory owners claim that the gas has no effect on health.
However, the workers complain, so the owners call in an environmental specialist to study 
the situation.
Upon inspection, the environmental specialist that employees have had variable exposure 
to the gas. Further, some of the employees have spent time in the hospital recently.

The specialist gathers 
data. For each of the 306 
workers, the number of 
days spent in a hospital 
for respiratory 
problems, 𝑥𝑖, and the 
number of exposures, 
𝑦𝑖, are recorded. 



Example 1 – Continued
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Example 1 – Continued
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Joint probability 
mass function 
𝑓𝑋𝑌(𝑥, 𝑦)
Calculate the 
marginal PMF 
𝑃𝑋 𝑋 = 5



Example 1 – Continued
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What is the 
probability mass 
function (PMF) of 
exposure if a worker 
spent 5 days at the 
hospital?



Example 1 – Continued
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How is the 
conditional PMF 
different from the 
marginal PMF of Y?



Joint PDF of Two Continuous RVs
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Joint PDF of two Continuous RVs

Axioms



Joint PDF of Two Continuous RVs

21

Joint CDF of two Continuous RVs

The PDF can be recovered from the 
PDF by differentiating:



Conditional and Marginal PDF of Two Continuous RVs
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Conditional PDF

Marginal PDFs



Example 2 
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X & Y are jointly continuous R.V. with joint pdf:

𝑓𝑋𝑌 𝑥, 𝑦 = ቊ10𝑥2𝑦 0 ≤ 𝑦 ≤ 𝑥 ≤ 1 
0 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

a. Find the marginal pdfs



Example 2 
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X & Y are jointly continuous R.V. with joint pdf:

𝑓𝑋𝑌 𝑥, 𝑦 = ቊ10𝑥2𝑦 0 ≤ 𝑦 ≤ 𝑥 ≤ 1 
0 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

a. Find the marginal pdfs



Example 2 
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X & Y are jointly continuous R.V. with joint pdf:

𝑓𝑋𝑌 𝑥, 𝑦 = ቊ10𝑥2𝑦 0 ≤ 𝑦 ≤ 𝑥 ≤ 1 
0 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

b. Find 𝑃 𝑌 ≤
𝑥
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Sum of n Independent and Identically (iid) Distributed RVs
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Independent and Identically Distributed (IID) random variables share the 
same probability distribution and are statistically independent.

Mean and Variance



Sum of n iid RVs
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P(X) P(Y)

𝑌 = 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛



A6 Team Distributions
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1. Geometric distribution --- Probability Princesses (Rachel, Jackie, Veronica, Maddie, Drew)

2. Hypergeometric distribution --- The Blueprint Bandits (Logan, Zach, Winnie, Elise, Nevaeh)

3. Gamma distribution --- Standard Deviants (Sydney, Ella, Yidi, Diego, Natalie)

4. Negative binomial distribution --- VennDyDiagram (Jacob, Joshua, Alyssa, Eden, Sharon)

5. Uniform distribution --- You Miss Every Shot You Don’t Take (Brandon, Sarah, Caroline, 
Taha, Fiona, Ben)

Note: Make sure you join one of the teams. Four teams of 5 members and one team of 6 
members.
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