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Today: Confidence Interval
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Confidence Interval — Learning Objectives

\/

* (Construct confidence intervals
* Interpret results

* Make inferences about population parameters



Recall: How to estimate a population parameter?

Given a statistical model of a population, a point estimate is a value used to
estimate a model parameter.

1. Select a random and representative sample.
2. Collect information from members of the sample.
3. Calculate the value of the sample statistic of interest.

4. Assign values to the population parameter.



How to “assign” values to the population parameter?

Point Estimate

T — U
r ~ Bin(n, p)
T=np=H
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What is a Confidence Interval?

A confidence interval gives an estimated range of values which is likely to
include an unknown population parameter, the estimated range being

calculated from a given set of sample data with a specified level of
confidence (e.g., 90%, 95%).

It quantifies the uncertainty in the estimate, via a confidence level «,
« is usually small

a = 0.05 implies a 95% confidence interval

a = 0.10 implies a 90% confidence interval



Confidence interval for the mean (u)

\/

When the population variance is known

o is Known

1 ! 1

Case 1 Case I1 Case 111
1. Population is normal n = 30 1. Population is not normal
2. n <30 // 2. n <30
AN yd |
Use the normal distribution Use a nonparametric method
Reca-].]. CLT: to estimate p to estimate u
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x is not normal make sure n is large



What is a Confidence Interval? \/

point estimate + margin of error @ | X ~ [N ( u,
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How to construct the confidence interval (u)? W

X + Z%Jf where Oox = ﬁ

In other words:
The (1 — a)% confidence interval of u is (X Z



Example 1 — Body Temperature

\/

You read in a medical journal that the distribution of
human body temperature has a standard deviation of
0.7°F.

You asked 42 friends to measure their temperature
and found their mean temperature to be 98.2°F.

e Whatis the 90% confidence interval for the mean
body temperature of the population?

o= 0.7 — o 1s known

T = 98.2 and n = 42
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Human body temperature has decreased in United

States, study finds

Stanford researchers have determined that average human body temperature in
the United States has decreased since the 1800s.

NIAYd Since the 18t century, the average
2020 human body temperature in the
United States has dropped,
according to researchers at the
Stanford University School of
Medicine.

“Qur temperature’s not what people think it is,”
said Julie Parsonnet, MD, professor of medicine
and of health research and policy. “What
everybody grew up learning, which is that our
normal temperature is 98.6, is wrong.”

That standard of 98.6 degrees Fahrenheit was
made famous by German physician Carl Reinhold
August Wunderlich, who published the figure in a
book in 1868, Modern studies, however, have
called that number into question, suggesting that
it’s too high. A recent study, for example, found

Modern studies have called the "normal”
human temperature of 37 degrees Celsius
(or 98.6 degrees Fahrenheit) into question,
suggesting that it’s too high.
Dinga/Shutterstock.com

the average temperature of 25,000 British patients to be 97.9 F.
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Example 1 — Body Temperature \/

You read in a medical journal that the distribution of T = 0 . 7 — T iS kI]_OWI]_
human body temperature has a standard deviation of
0.7°F.

You asked 42 friends to measure their temperature L = 98 . 2 ﬂﬂd n = 42
and found their mean temperature to be 98.2°F.

e Whatis the 90% confidence interval for the mean
body temperature of the population?

P (Z < 20_05) = 0.95 08 2 + 07
— 20.05 = 1.645 4 = 20.05 x 1/42

¢ »  CI = (98.022,98.378)
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How to Interpret Confidence Intervals?

\/

* The interpretation is a probabilistic
statement about the interval NOT the
population parameter.

* The population mean (u) is a constant.
There’s no probability associated with its
value.

Q > What does 90% confidence level mean?

Remember that we only
collect one sample and
construct one interval

10 Confidence Intervals (Red = Missed Mean)
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Example 2 — T/F

x =98.20 °F, CI=[98.022, 98.378]. Indicate whether the statement is true or false.

The average human body temperature is 98.20 °F. False
It's probably true that the average human body temperature is 98.20 °F. False

We don’t know exactly what the average human body temperature is but we know
that it's between 98.0220 °F and 98.3780 °F. False

We don’t know exactly what the average human body temperature is but the interval
from 98.0220 °F to 98.3780 °F probably contains the true average. True
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Additional Material

Sample size

For a desired margin of error and a desired confidence level, what is a good
sample size? (p. 267)
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Sample Size

\/

On some occasions, we may have
1. a desired margin of error
2. a desired confidence level for that margin of error

And we want to find out the sample size we should collect.
If E = margin of error, then

_ o)
XL T Z&/Qﬁ
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Additional Material

Confidence interval for the mean when ¢ is unknown
p. 263-264
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Confidence interval for the mean (u)

- Continued

When the population variance is unknown

O is not Known

l 1

Case I Case 11
1. Population is normal n = 30
2. n < 30 V2
/
N e
N\ e

Use the t distribution to
estimate u

!

Case 111
1. Population is not normal
2. n <30

l

Use a nonparametric method
to estimate w
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Confidence interval for the mean (¢) when ¢ is unknown

\/

When the population variance is unknown

In most practical situations, the population variance may not be known. In
such cases, we must also estimate the sample variance s?, besides the sample
mean T, from a sample of n.

Q T T lgra/25%

)

S

where s; = 7n
s = sample standard deviation
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William Sealy Gossett

It was assumed that a good estimate of the population
standard deviation was the sample standard deviation
divided by the root of the sample size, sAn.

A guy named William S. Gossett noticed something
wrong with the standard errors (that is, sAln) when
sample sizes were small
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t-distribution

\/

Student’s t distribution depends on a parameter called DEGREES OF
FREEDOM

Degrees of freedom, denoted, df=n-1
The value of t for a given value of degrees of freedom is denoted t_df
It’s a much more practical distribution for drawing inference about means

as, regardless of sample size, we don’t have to know the population
standard deviation and we can use the sample standard deviation
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t-distribution

Student’s t distribution is a specific bell-shaped distribution with a lower
height and a wider spread than the standard normal distribution

As sample size becomes larger, the t distribution approaches the standard
normal distribution.

The standard deviation
of the r distribution

isV9/(9 - 2) = 1.134

The standard deviation
of the standard normal
distribution is 1.0
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t-distribution

Table A.3 in the textbook (p. 392)
l.df =n—-1=30—-1=29

90% CI, n = 30
t29,0.095 = 1.6991

2.df =n—1=25-1=24

95% CI, n = 25
t24,0.0975 = 2.0639




Summary: Confidence Intervals

e Population variance is known
—> Xt Z 20x

e Population variance is not known
— X £ tdf, o Sf

2

e Interpretation of Cl
— Probabilistic statement about the interval, not the population parameter
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Example 3 — Body Temperature

In order to estimate the mean cholesterol level for all adult men in a town, a
sample of 25 men was taken. The mean cholesterol level for this sample is
186 with a standard deviation of 12.

Assuming that the cholesterol level for all adult men is approximately
normally distributed. Construct a 95% confidence interval for the
population mean.

- Sample size, n = 25
- Sample mean, x = 186
- Sample standard deviation, s = 12

- Confidence level = 95%
- Population is approximately normally distributed
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Example 3 — Body Temperature

- Sample size, n = 25
- Sample mean, T = 186
- Sample standard deviation, s = 12

- Confidence level = 95%
- Population is approximately normally distributed

eDegrees of freedom G — — Q — 924
df =n—1=24 — 57 \/_ x/
eFrom a t-distribution table T+ tdf,aXQSST: — 186 + 2.0639 x 2.4

t0.975,24 ~ 2.064
—  [181.05, 190.95]
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Additional Material

\/

* Sample size
For a desired margin of error and a desired confidence level, what is a good
sample size? (p. 267)

e Confidence interval for the mean when ¢ is unknown
p. 263-264

* Confidence interval for the proportion
Chapter 6 — 6.4.2
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Confidence interval for the proportion (p)

\/

The confidence interval for the proportion p (the occurrence probability)

* CLT for proportions

e p~Normal (p, p(l_p)>

n

 Large sample size: np > 4 ,n(1 —p) > 4

 Confidence interval for the proportion
* P ZaSp
2

° p'\_l_Za ﬁ(l_ﬁ)

2 n
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